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Abstract 

Most often, in a categorical semantics for a programming language, the substitution of terms is 
expressed by composition and finite products. However this does not deal with the order of evaluation 
of arguments, which may have major consequences when there are side-effects. In this paper Cartesian 
effect categories are introduced for solving this issue, and they are compared with strong monads, Freyd- 
categories and Haskell's Arrows. It is proved that a Cartesian effect category is a Freyd-category where 
the premonoidal structure is provided by a kind of binary product, called the sequential product. The 
universal property of the sequential product provides Cartesian effect categories with a powerful tool 
for constructions and proofs. To our knowledge, both effect categories and sequential products are new 
notions. 

Keywords. Categorical logic, computational effects, monads, Freyd-categories, premonoidal cate- 
gories. Arrows, sequential product, effect categories, Cartesian effect categories. 



1 Introduction 



A categorical seniantics for a programming language usually associates an object to each type, a morphism 
to each term, and uses composition and finite products for dealing with the substitution of terms. This 
framework behaves very well in a simple equational setting, but it has to be adapted as soon as there is some 
kind of computational effects, for instance non-termination or state updating in an imperative language. 
Then there are two kind s of terms: the general terms may cause effects while the pure terms are effect-free. 
Following ( Moggi . 199ll ). a general term may be seen as a program that returns a value which is pure. In this 
paper we focus on the following sequentiality issue: the categorical products do not deal with the order of 
evaluation of the arguments, although this order may have major consequences when there are side-effects. 
For solving this sequentiality issue, we introduce Cartesian effect categories as an alternative for Cartesian 
categories. 

Other a pproaches inclu de strong monads (jMoggi . Freyd-categories (|Power and Robinsonl. Il997l) 

and Arrows ( Hughed . 2000?) . These frameworks are quite similar from several points of view (|Heunen and Jacobsl 
20061 : \Atke± |2008[). wh i le our framework is more precise. A first draft for Cartesian effect categories can be 



found in ( Dumas et al. . 2007 ). and a similar approach in ( Duval and Revnaudl . 2005 ) 

A category is called Cartesian if it has finite products, and a subcategory C of a category K is called wide 
if it has the same objects as K. A Freyd-category is a generalization of a Cartesian category that consists 
essentially in a category K with a wide subcategory C, such that C is Cartesian (hence C is symmetric 
monoidal) and K is symmetric premonoidal. A Cartesian effect category, as defined in this paper, is more 
precise and more homogeneous than a Freyd-category: like the symmetric monoidal structure on C derives 
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from its product, in a Cartesian effect category the symmetric premonoidal structure on K derives from 
some kind of product, called a sequential product, which extends the product of C and generalizes the usual 
categorical product. In fact, there are two steps in our definition. First an effect category is defined, without 
mentioning any kind of product: it is made of a category K with a wide subcategory C and with a relation <l 
called consistency between morphisms. Then a Cartesian effect category is defined as an effect category with 
a binary product on C extended by a sequential product on K, which itself is defined thanks to a universal 
property that generalizes the categorical product property and involves the consistency relation. Like every 
universal property, this provides a powerful tool for constructions and proofs in a Cartesian effect category. 

Let us look at two basic examples of effect categories (two morphisms in a category are called parallel if 
they share the same domain and the same codomain). 

The non-termination effect involves partial functions. As usual, two partial functions are called consistent 
when they coincide on the intersection of their domains of definition. Thus, on the one hand, two partial 
functions / and /' are consistent if and only if there is a total function v such that v is consistent both with 
/ and with /'. On the other hand, let us say that two partial functions have the same effect if they have 
the same domain of definition. Then clearly, two partial functions have the same effect and are consistent if 
and only if they are equal. 

In an imperative programming language, there are side-effects due to the modification of the state, since 
the functions in the sense of the programming language, in addition to have arguments and a return value, 
are allowed to use the state and to modify it. A function is called pure if it neither use nor modify the state, 
and the side-effects are due to the non-pure functions. Let us say that a function / is consistent with a pure 
function v when both return the same value when they are given the same arguments. Then two arbitrary 
functions are called consistent when they are consistent with a common pure function, which means that 
both return the same value when they are given the same arguments and that in addition this value does 
not depend on the state. It should be noted that this consistency relation is not reflexive. Therefore, if two 
functions have the same effect and are consistent then they are equal, but the converse is false. 

More generally, an effect category is a category K with a wide subcategory C and with a consistency 
relation <l between parallel morphisms, the first one in K and the second one in C, satisfying a form of 
compatibility with the composition. The morphisms in C are called pure and are denoted with Two 
morphisms in K are called consistent when there is a pure morphism v such that f <\ v and /' < v; this is 
denoted / O !>/', and the properties of consistency are such that the relation <[> extends <1. Let 1 be a 
terminal object in C, the effect of a morphism / is defined as the morphism £{f) = {)y ° f where ()y is 
the unique pure morphism {)y ■ Y 1. It is assumed that the following complementarity property holds, 
which means that the consistency relation is a kind of "up-to-effects" relation: if two morphisms have the 
same effect and are consistent, then they are equal. 

This notion of consistency coincides with the usual one for partial functions, but to our knowledge it 
is new in the general setting of computational effects. For instance, we will see in sec tion 12.61 that it is 
fairly different from the notion of having the same result that is defined in (jMogg 1 Il995l ) in the framework 
of evaluation logic. Let us look more closely at the complementarity property (for some fixed domain and 
codomain). On the one hand, to have the same effect is an equivalence relation « with one distinguished 
equivalence class, the class of the morphisms without effect, which contains all the pure morphisms. On the 
other hand, to be consistent is a symmetric relation O, with each maximal clique made of a unique pure 
morphism and all the morphisms that are consistent with it. The complementarity property asserts that 
there is at most one morphism in the intersection of a given equivalence class for « and a given maximal 
clique for <[>. 

A binary product on a category C provides a bifunctor x on C such that for all vi : Xi —>■ Yi and 
V2 ■ X2 Y2, the morphism V1XV2 : Xi XX2 ^ Y1XY2 is characterized by the following diagram, where the 
Pi's and (7i's are the projections. This property is symmetric in vi and W2- When C is the category of sets, 
this means that (wi x z;2)(a;i, 0:2) = (wi(xi), W2(a;2)). 
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X, — 



V-\ XVo 

Xi X X2 ^ Yi X Y2 
X2 ^Y2 

A Cartesian effect category is defined as an effect category witfi a binary product on C, extended by 
two symmetric semi-pure products v x f and f >^ v where v is pure. The left semi-pure product w x / is 
characterized by the following diagram, which means that qi o [v t< f) <l v o pi and q2 ° {v t< f) — f o p2 (the 
right semi-pure product is characterized by a symmetric diagram). 

pi; V 

' VIX f ' 

Yi X X2 Yi X Y2 

X2 ^ Y2 

This property means that the effect of u x / is the effect of /, and that "up to effects" v k f looks like 
an ordinary binary product. Then the left sequential product of two arbitrary morphisms /i and /2 is easily 
obtained by composing two semi-pure products: /i x /2 = (idi x /2) o (/i x id2) where idi and id2 denote the 
identities of Yi and X2, respectively. This definition formalizes the notion of sequentiality: "first /i, then 
/2" . The right sequential product is defined in a symmetric way. We will check that the sequential product 
extends the semi-pure product, so that there is no ambiguity in using the same symbols x and x for both. 
This approach, to our knowledge, is completely new. It can be summarized as follows: while the universal 
property of a binary product consists in two equalities, the universal property of a semi-pure product consists 
in one equality and one consistency. 

For instance, in the category of sets with partial functions, u x / is the partial function such that 
{vK f){xi,X2) = (2/1,2/2) where 2/1 = v{xi) and 2/2 = fix2) whenever /(X2) is defined, otherwise {vx f){xi,X2) 
is not defined. When side-effects are due to the updating of the state, v « f is such that for each state s, 
{v K /)(s,a:i,X2) = (S2, 2/1, 2/2) where (s,2/i) = v{s,xi) and (52,2/2) = f{s,X2). 

The properties of the sequential product imply that a Cart esian effect category is a Fr eyd-category. On 
the other hand, each strong monad defines a Freyd-category ijPower and Robinson . 1997 ). We prove that 



a Freyd-category defined from a strong monad is a weak Cartesian effect category if and only if, roughly 
speaking: the strength of the monad is consistent with the identity. 

Section [2] is devoted to effect categories and section |3] to Cartesian effect categories. Then Cartesian 
effect categories are related to Freyd-categories, Arrows and strong monads in section 3) Several examples 
are considered in sections I2.5[ 13.81 and 14.41 



2 Effect categories 
2.1 Pure morphisms 

Definition 2.1. A subcategory C of a category K is wide if it has the same objects as K; this is denoted 
C ^ K. Given C K, a. morphism of K is called pure if it is in C; then it is denoted with "~-+". An object 
1 is a pure terminal object in C ^ if if it is terminal in C, then for each object X the unique pure morphism 
from AT to 1 is denoted {)x : A 1. 

Remark 1 . Pure morphisms in a Kleisli category. Let Cq be a category (called the base category) with 
a monad (M, /i, ?/) (or simply M) and let Km be the Kleisli category of M. Then Km has the same objects 
as Co and for all objects X and Y there is a bijcction between Co{X,MY) and Km{X,Y). In this paper, 
for each morphism / : A ^ y in Km the corresponding morphism in Co is denoted [/] : A MY , and we 
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say that / stands for [f] , and for each morphism ip : X MY in Co the corresponding morphism in Km 
is denoted ]ip[: X ^ Y. So, ]([/])[= / for every / in K]\f and [Qfi)] = ^ for every tp in Co with codomain 
MY for some Y. Let J : Co ^ Km denote the functor associated with M and let Cm = J{Cq). Then J is 
the identity on objects, so that Cm is a wide subcategory of Km- A pure morphism v : X Y in Km is 
a morphism v = J{vq) for some vq : X —> Y in Cq; this means that [v] = r]Y o vq : X MY in Cq. Each 
identity idx in Km henceforth stands for [idx] — r/x and the composition go f oi f : X ^ Y and g : Y ^ Z 
stands for [g o f] — [g]* o [/] where [g]* — nz ° M[g]. It foUows that when v : X Y and w : Y Z ^ 
then [gov] — [g] o vq, [w o f] — Mwq o [/] and [wow] = gz ° wq o vq. It should be noted that it does not 
make sense to say that a morphism in Co is pure or not. Indeed, each morphism (p : X —^ MY in Co gives 
rise in Km both to a pure morphism v — J{'p) : X —^ MY and to a morphism / =]<p[: X ^ Y , related by 
[v] = -qMY o [/] in Co. 



Co 


X^^MY 


X — ^ MY 

Y 


X ^ MY 


Km 


/ 

X — ^Y 




X r-^Y 



In addition, the functor J : Cq ^ Km has a right adjoint, which means that for each object X there is an 
object X^ called the lifting of X, with an isomorphism Km{X,Y) = Co{X,Y^) natural in X and Y. Let 
us assume that the mono requirement is satisfied by the monad, which means that gx is a mono for every 
object X, or equivalently that the functor J is faithful, so that it defines an isomorphism from Co to Cm- 

2.2 Effects 

In this section we define the effect of a morphism / as a kind of measure of how far / is from being pure: 
pure morphisms are effect-free and the effect of w o /, when v is pure, is the same as the effect of /. 

Definition 2.2. Let K he a. category with a wide subcategory C and with a pure terminal object 1. The 
effect of a morphism f : X ^ Y is the morphism £{f) = {)y ° f ■ X ^ 1. We denote f ~ f when 
f : X ~i Y and f : X ^ Y' have the same effect: 

V/:X^y,V/':X^r',/«/' ^ ()yo/=()y,o/'. 

A morphism f : X ^ Y is effect-free if £{f) — f (idx), which means that £{f) — {)x- 

The following properties are easily derived from the definition. 

Proposition 1. The same-effect relation « is an equivalence relation between morphisms with the same 
domain that satisfies: 

• Pure morphisms are effect-free. \/v : X Y , v idx- 

• Substitution. Vf:X^Y.yg:Y->Z,yg':Y^Z',g^g' .9 o / « g' o /. 

• Pure wiping. \/f:X-^Y, Vw : Y --^ Z , w o f f . 

Remark 2. EflFects in a Kleisli category. Within the same framework as in remark [1] let us assume that 
there is a terminal object 1 in Cq, or equivalently in Cm- For each object X, the pure morphism {)x X 1 
stands for [( )x] — Vi ° {)x ■ X Ml in Cq, and for each morphism f : X ^ Y in Km the effect £{f) of 
/ stands for [( )y ° f] = M{ )y o [f] : X ^ Ml in Cq. Let Wq denote the relation between morphisms in Cq 
defined by [/] «q [/'] if and only ff / « /'. Then in Cq: 

yifi-.X^ MY ,\fip' -.X ^ MY' , ifi^of' <=> M{ )y oLp = M( )y' o ip' . 
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2.3 Consistency 

Now we define a consistency relation between two parallel morphisms. 

Deflnition 2.3. Let K he a category with a wide subcategory C. A consistency relation <] is a relation 
between parallel morphisms, the second one being pure, which satisfies: 

• Pure reflexivity. "iv : X Y , v <\v. 

• Compatibility with composition. V/ : X ^Y ."ig :Y ^ Z ,^11 :Y -^-^Y' ,\/v : X -^Y' , \fw : Y' Z , 
{uo f <iv) A (g <iw o u) =^ g o f <] w o V. 



wov 




Two parallel morphisms / and /' are called consistent when f <\ v \> f for some pure morphism this is 
denoted f of . 

The following properties are easily derived from the definition. 

Proposition 2. Let K be a category with a wide subcategory C and with a consistency relation <. Then: 

• Preservation by composition. \/ f : X ~f Y ^\lv : X ^ Y ^^g :Y ^ Z , Vw :Y-^Z, 
{f <] v) f\ {g <] w) g o f <\w ov. 



wov 




• Pure substitution. yv:X-^Y,yg:Y^Z, Vw : Y Z , g <\ w g o v <l w o v. 

• Pure replacement. V/ : X ^ Y , : X ^ Y , \fw : Y ^ Z , f <\v w o f <\ w o v. 

Definition 2.4. An ejfect category {C Q K, <j) is made of a category K and a wide subcategory C of K, 
with a pure terminal object 1 and the same-effect relation « as in definition [2121 together with a consistency 
relation <J which satisfies: 

• Complementarity with M f , f : X Y , {f ^ /') A (/ < t>/') => / = /'• 

In essence, the complementarity property can be stated as follows: if two morphisms have the same effect 
and are consistent, then they are equal. 

The following properties are easily derived. 

Proposition 3. Let (C ^ K, <j) be an effect category. Then: 

• Consistency on effects. V/ : X Y , {3v , / <] u) =^ ^(/) O ( )x- 

• Consistency on pure morphisms. Vw, v' : X Y , v <\ v' v — v' . 

• Consistency is unambiguous. \/ f : X —> Y , \/v : X Y , f <l f>v <=4> f <\v. 

Remark 3. It follows that a pure morphism v is consistent with itself and with no other pure morphism. In 
general a morphism / may be consistent with no pure morphism or with several ones. The relation <[> is 
symmetric but in general it is not reflexive. 

Remark 4. Let i^T be a category with a wide subcategory C and with a pure terminal object 1. Then the 
same-effect relation « is uniquely defined, and there is a "trivial" consistency relation: the equality of pure 
morphisms. But neither the existence nor the unicity of a non-trivial consistency relation <\ is guaranteed. 
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2.4 Extended consistency 

The consistency < is a relation between two morphisms, the second one being pure. It can be extended to 
pairs of arbitrary morphisms. 

Definition 2.5. In an effect category (C Q K,<]), an extended consistency is a relation < between parallel 
morphisms such that: 

• Extension, "if: X^Y,\/v: X-^Y,f<iv =^> f <v. 

• Substitution. V/ : X ^ Y , Vg, g' :Y ^ Z , g < g' g ° f < g' ° /■ 

The symmetric relation is defined by / /' if and only if there is a morphism /" such that / -4 /" ► /'. 
This relation is weaker than the relation <]t>. 

It follows easily that < is reflexive and that f < f implies / <^ /'. 

Remark 5. It is easy to check that in an effect category {C ^ K,<i) there is a smallest extended consistency 
<, which is defined as follows: V/i, h' : X ~> Y , 

h<h' ^ 3f : X ^Y ,3g -.Y ^ Z ,3w:Y Z , {h ^ g o f) ^ {h' ^ w o f) h {g <\w) 



wof 




In addition, this relation satisfies pure replacement: 
yfJ':X^Y,yw:Y^Z,f<r =^ wof^vjof. 



2.5 Examples of effect categories 

Several examples are introduced in this section. For each example, the same-effect relation « is described, 
then a consistency relation <\ is chosen in such a way that we get an effect category, and the smallest extended 
consistency relation < is described. It will be checked in sections [3 . 81 and that in each example the chosen 
consistency relation gives rise to a Cartesian effect category. The examples about errors, lists, finite multisets 
and finite sets are provided directly by a monad M, then Km and Cm are defined as in remark [T] States 
could be treated with monads, at the cost of using an extra adjunction, but this would not be possible for 
partiality over an arbitrary base category. 



Errors. Let Cq be a category with an initial object and with a distinguished object E (for "errors"), 
hence with a unique morphism \e : ^ E. Let us assume that there are coproducts of the form X + E 
that behave well in the sense of extensivity (jCarboni et al. for every ip : X ^ Y + E, there is a 



coproduct X = Dip + V^p with two morphisms fy '■ 'Dip Y and ipE '■ T^cp — > E such that (p = py + P'e- 
The error monad on Co has MX = X + E as endofunctor and the coprojection rjx : X ^ X + E as 
unit. A morphism f : X ^ Y in the Kleisli category Km stands for a morphism [/] : X ^ Y + E in Cq, 
such that [/] = [f]y + [f]E as explained above. A pure morphism v = J{vq) : X Y in Km stands for 
[v] — rjy o vq : X ^ Y + E in Co, such that [v] = uo + !_e : X ^ Y + E in Cq. Let us assume that Co has 
a terminal object 1. For each morphism f : X ^ Y in Km, the effect £{f) = ( )y o / : X — > 1 is such 
that [£{f)] = {{)y + He) ° [/] = ( )x>[jj + [/1b- All this can be illustrated as follows in Co, first for a pure 
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morphism v then for a morphism / and finally for the effect £{f)', the vertical arrows are the coprojections: 



X — 

X + E 





I 

X- 
t 



V 



[f] 



[fh 



If] 



[/]f 



I 

Y + E 

t 



E 



V 



If] 
\ 

X- 



V 



[/] 



()1 



Y 



[£(/)] 



I 

t 



[f]i 



Let : Pj^j X denote the coprojection and let denote an isomorphism in Cq. 
. V/:X^r,V/':X^r',/«/' ^ ^%], = [/']£ oz. 

When Co is the category of sets, we say that is the domain of definition of ip and that if raises the 
error e at x whenever ip{x) — e £ E, so that a morphism v is pure if and only if [v] does not raise any error. 
Then, f ~ f means that [/] and [/'] raise the same errors for the same arguments, hence they have the same 
domain of definition. Furthermore, f <\v means that [/] coincides with [v\ on I?!/], hence / <\ \>f' means 
that [/] and [/'] coincide on 2?jy] n ■ Then the smallest extended consistency relation is such that for 
all f,f':X^Y,f<f'ii and only if Vy-^ C Py/j and [/] coincides with [/'] on Pjj] and also on It 
follows that M is transitive and that is the same relation as O. 



Partiality. A category of partial morphisms is defined here, as in ( Curien and Obtulowitz . 19891 ). as a category 



K with a wide subcategory C such that the category K is enriched with a partial order < and every pure 
arrow is maximal for <. Then the morphisms in K are called the partial functions and the morphisms in 
C the total functions^ as in the fundamental situation of sets. In addition, let us assume that there is a 
pure terminal object 1, and w herefore the effect of a morphism / : X ^ F is the morphism ()y o / (in 
( Curien and Obtulowitd . 19891 ) this morphism is called the domain of definition of /). 



, V/:X^F, V/'iX^r, /«/' ^ {)Yof = {)Yof. 

• \ff : X ~^Y ,\fv ^ J{vo) ■.X^Y,f<\v f <v. 

• VfJ':X^Y,fAf' ^ f<f. 

We add, as a new axiom, the complementarity of « and <l. 

On sets, with the usual notion of partial function, the inclusion oi C in K has a right adjoint with lifting 
X^ = X + 1, so that the partial functions from X to Y can be identified to the (total) functions from X to 
Y + 1 and the partial order < corresponds to the inclusion of the domains of definition (in their usual sense, 
as subsets). Then both points of view (partiality and error) are equivalent. 



State. Let Cq be a category with a distinguished object S (for "states") and with products of the form 
S X X. For each set X let ax : S x X ^ S and ttx : S x X ^ X denote the projections. Let K be the 
category with the the same objects as Cq and with a morphism f : X ^ Y for each [f]:SxX^SxYm 
Co; we say that f in K stands for [f] in Cq. Let C be the wide subcategory of K with the pure morphisms 
V — J{vq) : X Y standing for [v] — ids xvq: SxX^SxY. Let us assume that Co has a terminal 
object 1. We may identify x 1 with 5*, so that the morphism {)x : X 1 stands for the projection 
ax : S X X ^ S and the effect of a morphism f : X ^ Y stands for ay o [f] ■ S x X S. 

.Vf:X^Y,Vf':X^Y',f^f' ^ ay o [/] = ay, o [/']. 
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• V/ : X ^ y , Vw = J{vo) : X -^Y , f <\v <=^ ny o [/] = vq o ttx ■ 



>Vf,r:X^Y,fMr^nYo[f]=TTYO [/']. 

It follows that M is an equivalence relation, so that is the same as A. 

On sets, f ~ f means that [/] and [/'] modify the state in the same way, and f <iv means that [/] 
always returns the same value as Vq, so that f of means that [/] and [/'] both always return the same 
value, which in addition does not depend on the state, while f < f (as well as / -^^ /') means that [/] and 
[/'] both always return the same value, which may depend on the state. 

Lists. Let us consider the list monad with endofunctor £ on the category of sets. The unit rj maps each x to 
(x) and the multiplication /i flattens each list of lists. Since 1 is a singleton, a list £ in £(1) may be identified 
to its length len(()^) in N, and the effect of a morphism / : X — > F to len(o)/ : X ^ N. Then, a morphism 
/ is effect-free when len(o)/ is the constant function 1. For each x £ X and fc G N, we denote by (x)'^ the list 
{x, . . . ,x) where x is repeated k times. More generally, for each list x = (xi, . . . , a;„) G jC{X) and each hst 
of naturals k = (fci, . . . , fc„) with the same length as x, we denote by x- the list {xi, . . . ,xi, . . . ,Xn, ■ ■ ■ , Xn) 
where each Xi is repeated hi times. 

. V/ : X r , V/' : X ^ r , / « /' ^ yxeX, len(()/(x)) = len(()/'(a;)). 

• V/ : X ^ r , Vw = J{vo) ■.X^Y,f<\v ^ Vx £ X , 3k e N , [f]{x) ^ Mx))'" ■ 
. V/, /' : X ^ y , / ^ /' ^ Vx e X , 3fc G C{N) , = [f']ix)K 

It follows that /<!>/' if and only if for each x £ X there is some y £ Y that is the unique element (if any) 
in the lists [f]{x) and [f']{x), and that / /' as soon as / and /' are parallel. 

Finite (multi)sets. The example of lists can easily be adapted to the finite multiset monad and to the finite 
set monad on the category of sets. For the finite multiset monad, Alfin(l) can be identified to N and the 
effect of a morphism to the cardinal of its image. 

. V/ : X ^ r , V/' : X ^ r , / « /' ^ Va; G X , card(()/(a;)) = card(()/'(a;)). 

• V/ : X ^ r , Vw = J(wo) ■.X-^Y,f<\v VxgX, [f]{x) C{uo(x)}. 

• V/,/':X^y,/^/' ^ VxGX, [f]{x)£[f']{x). 

For the finite set monad, the definitions of <\ and < are similar, but « is different. Since Vfin{^) has only 
two elements and 1, we get f ^ f ii and only if for all a; G X either both f{x) and f'{x) are empty or 
both are non-empty. 



2.6 Results in evaluation logic 

In (|Moggil . [l995h . within the framework of evaluation logic and with respect to a strong monad satisfying 
some extra properties, Moggi defines the relation c JJ- a, which means that the value a is a result of the 
computation c. With the same notations as in remark [U c : 1 — > MX and a : 1 X are morphisms in 
Co, or equivalently c = [/] for a morphism f : 1 —> X in Km and a = vq : X —>■ Y yields a pure morphism 
V = J{vo) : 1 X. Then it may happen that / is consistent with v in the sense of this paper. The following 
table compares both notions for several monads on sets. 



Monad 
MY 


Results (MoEgi. 1995) 
c JJ. a 


Consistency (this paper) 
f<v 


Y + E 


c = a (thus, c is total) 


c eY c = a 


(Y X S)^ 


3seS,3s' eS, c{s) = (a,s') 


yseS,3s' eS, c{s) = (a, s') 


C{Y) 


a G c 


3fc G N, c= {a)'' 


VnniY) 


a G c 


c = {a} or c = 
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From this table wo sec that in general f <i v =/> c ij- a and c ij- a f <l v. It can easily be seen from 
the example of the state monad that having the same results is not a consistency relation in general, since 
two different morphisms may have the same effect and the same results. Therefore, the notion of result in 
evaluation logic does not easily fit with our notion of consistency. 



3 Cartesian effect categories 
3.1 CEirtesian categories 

In this paper a Cartesian category is a category with chosen finite products. We denote by 1 the terminal 

object, X for the products and p, q, r, s,t, . . . (with indices) for the projections. The binary product defines a 
functor X : ^ C such that for all vi : Xi Yi and V2 ■ X2 Y2, the morphism V1XV2 ■ X1XX2 Y1XY2 
is the unique morphism that satisfies the binary product property: 



qi o (yi X V2) = Vl opi Pi I 



Xi -Fi 

. f,. 

V1XV2 

Xi X X2 > Fi X Y2 



X2 ^Y2 

In a Cartesian category C, the swap natural transformation c, with components Cxi,X2 X\ x X2 ^ 
X2 X Xi, is defined from the projections Pi : Xi x X2 ^ Xi and p'^ : X2 x Xi ^ Xi by p- o Cxi,X2 = Pi for 
i = 1,2. It follows that cx2,Xi = Cx\ X2- 

Now, Cartesian products in a category are generalized, first as semi-pure products, then as sequential 
products, in an effect category. 

3.2 Semi-pure products 

Let us consider an effect category (C ^ K,<\) where C is a Cartesian category. We define the semi-pure 
products as two graph homomorphisms x : C x K ^ K and xi : K xC ^ K that extend x and that satisfy 
some generalization of the binary product property involving the consistency relation <1. while the universal 
property of a binary product consists in two equalities, the universal property of a semi-pure product consists 
in one equality and one consistency. 

Definition 3.1. Let {C Q K, <) be an effect category with a binary product x on C. A graph homomor- 
phism IX : C X K ^ K is the left semi-pure product on (C K,<i,x) if it extends x and satisfies the left 
semi-pure product property: for all vi : Xi Yi and f2 '■ X2 ^ Y2, the morphism Wi x /2 : X1XX2 ^ YiX Y2 
is the unique morphism such that: 



qi o {vi K /2) <\ViOpi 
q2 o {vi X /2) = /2 op2 





Vl 


-^Yi 




Pi ^ 


V 






Vl X J 2 


'Y1XY2 


XIXX2- 


P.J 






X2 — 


h 


^Y2 



Symmetrically, a graph homomorphism xi : K x C ^ K is the right semi-pure product on (C ^ iC, <l, x) if 
it extends x and satisfies the right semi-pure product property: for all /i : Xi — > li and V2 : X2 Y2, the 
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morphism /i xi V2 '■ Xi x X2 Yi x Y2 is the unique morphism such that: 



Xi ^Yi 



qi o (/i XI V2) = /i opi 
q2 o (/i XI V2) <iV2 0p2 



91 



Xi X X2 Yi X ^2 

P2 1 A ^92 



A Cartesian effect category is an effect category (C ^ iiT, <) with a binary product x on C and with 
semi-pure products k and x (for short, it may be denoted C ^ if or simply K). 



A straightforward consequence of definition 13.11 is that the right semi-pure product can be determined 
from the left one, as follows. Consequently, from now on, we generally omit the right semi-pure products. 

Proposition 4. In a Cartesian effect category, for all fi : Xi — > Yi and V2 : X2 ^ Y2: 

{fl X V2) = CY2,Yi ° {""2 X A) ° CXi,X2 ■ 

In a binary product vi x W2, obviously the first projection qi o (vi x V2) does not depend on V2, and 
symmetrically the second projection 52 o {vi x V2) does not depend on vi. For a left semi-pure product 
^1 IX /2, this remains true for the second projection but not for the first one. However, a consequence of the 
complementarity of < with « is that qi o {vi k A) depends on A precisely through its effect £{f2), as stated 
in the next proposition. 

Proposition 5. In a Cartesian effect category, for all vi : Xi ^ Yi, f2 '■ X2 Y2 and f2 '■ X2 Y2, 
£{qi o {vi K A)) = £{vi K A) = £{f2 0P2) and: 

£{f2) = £{f2) =^ 91 ° («1 X /2) = 91 O (Wl K /^) . 

Proof. The first result derives from the pure wiping property of the effect. For the second result, let h — vitK f2 
and h' — vi K f2. The left semi-pure product property implies that qi o h <\ \>qi o h' and q2 o h = q2 o h' . 
The latter implies that q2 o h k, q2 o h! , and thus by pure wiping we have also qi o h ^ qi o h' . The result 
now follows from the complementarity of <] with «. □ 

The next proposition follows from the fact that the restriction of x to coincides with the binary 
product functor x on C. 

Proposition 6. In a Cartesian effect category, for all objects Xi and X2: 

idxi idx2 = idxi x idx^ = idj^^xXa • 

Remark 6. Let us assume that the following unicity condition holds: 

V/i, h' : X ^Yi XY2, {qioh<^ \>qi o h') A {q2 o h = q2 o h') =^ h = h' . 

In this case, if there is a graph homomorphism k : C x K K extending x and satisfying the left semi-pure 
product property, then k is the left semi-pure product. 



3.3 Sequential products 

In accordance with the intended meaning of "sequential" , we define sequential products as composed from 
two consecutive semi-pure products. 
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Definition 3.2. In a Cartesian effect category, the pair of sequential products composed from the semi- 
products K, XI is made of the graph homomorphisms Kgcq, >^soq ■ ^ K (the left and right sequential 
products, respectively) defined as follows: 

• for all fi-.Xi^ Yi and h ■ X2 Y2: 

fi Xsoq /2 = (idyi K /a) o (/i >^ id^J 

• for all /i : Xi->Yi and f2 ■ X2 ^ Y2: 

fi xisoq /2 = (/i XI idyj ° (idxi K /2) 

Xi Y, Fi X, Xi ^- 

Pi I ^ 1^1 V ^'i I V ^ I*?! 

fi ><iid idx f2 idK fo f^ xid 

Xi X X2 — ^ n X X2 ^ n X ^1 X X2 '-^ Xi X Y2 — ^ Yi X Y2 

P2 ^ A ^ '"2 = P2 ^ = ^ S2 A ^92 

X2™^i^X2 ^ -^2 X2 -^2 '-t^Y2 

It follows easily from proposition [5] that the right sequential product can be determined from the left one, 
as follows. Consequently, from now on, we generally omit the right sequential products. 

Proposition 7. In a Cartesian effect category, for all fi : Xi — > Yi and /2 : X2 Y2: 

ifl Xlsoq /2) = CY2,Yi ° if 2 Xscq A) ° CXuX^ ■ 

Proposition 8. In a Cartesian effect category, the left sequential product Xgoq extends the left semi-pure 
product K . 

Proof. Let v : Xi Yi and / : X2 l2- Since v Kgcq ./ = (idyi x /) o {v xi idxa) and since xi extends the 
binary product x on C^: 

V Xsoq / = (idri X /) o (1; x idxj • 
The left semi-pure product property yields: 

qi o (idy^ X /) <1 ri and 92 ° (idy^ x /) = / o r2 

so that by pure substitution: 

qi o {v Ksoq /) <1 ri o X idxa) and 92 o (f x^eq f) = f o r2 o [v x idxa) 
hence from the binary product property we get: 

qi ° [v Xscq f) <iVopi and 52 o X^eq f) = f °P2 
which is the left semi-pure product property. □ 
Remark 7. It follows from proposition [5] that we may drop the subscript "seq". 

Definition 3.3. In a Cartesian effect category, for all /i : X — > Yi and /2 : -'^^ ^ Y2 the left pairing 
of /i and /2 is (/i,/2); = (/i x A) o (idx, idx) : X ^ Yi x Y2 and the ri^/i^ pairing of /i and /2 is 

(/l, /2)r = (/l X /2) O (idx, idx) ■.X^YiXY2. 

Remark 8. Another point of view on sequential products, as "direct" generalizations of binary products 
(independently from any a priori semi-pure products) is given in section 13.71 



11 



3.4 Pure morphisms are central 

The next definition is similar to the definition of central morphisms in a binoidal category, see section [4. II 
Definition 3.4. In a Cartesian effect category, a morphism ki is central if for each morphism /2: 

fci x /2 = fci >^ /2 ■ 

Then it follows from proposition [7] that /2 ix fci = /2 ^i- The center Ck of K is made of the objects of K 
together with the central morphisms, we will prove in theorem [12] that Ck is a subcategory of K. 



Remark 9. According to definition 1 3. 2 [ in a Cartesian effect category a morphism ki : Xi Yi is central if 
and only if for each morphism /2 : X2 — > Y2: 

{ki X idyj o {idx, K /2) (idri k /z) o (fci x idxj . 

Remark 10. It follows from definition 13.21 and proposition [5] that the identities are central. Theorem [S] now 
proves that this is valid for all pure morphisms. 

Theorem 9. In a Cartesian effect category, every pure morphism is central. 

Proof. Given v : Xi and / : X2 Y2, let us prove that the left semi-pure product u k / is equal to 

the right sequential product w x /. Let: 

/i = X / = (u X idyj o {idx, K /) (i; X idyj o (idxi <x /) ■ 

Using the binary product property: 

qi o h = V o si o (idxi x /) and q2 o h — S2 o (idxi ^ /) 

then the left semi-pure product property: 

si o {idxi K /) <l pi and S2 o (idx^ k /) = f op2 

we get by pure replacement: 

qi o h <] V o pi and q2 ° h — f o p2 
which means that the left semi-pure product property is satisfied: ft, = w x /, as required. □ 

Remark 11. In view of theorem [9] there would be no ambiguity in denoting x for the semi-pure products k 
and X, however we will not use this opportunity, in order to keep in mind that the semi-pure products are 
not real products. 

3.5 Functoriality properties 

As reminded in section [3.11 the binary product in a Cartesian category is a functor. In this section it is 
proved that similarly the semi-pure products in a Cartesian effect category are functors. 

Lemma 10. In a Cartesian effect category, for all Xi, f2 : X2 — > Y2 and 52 '■ Y2 ^2' 

(idxi X 52) o (idxi X /2) = idxi x (,93 0/2)- 

Proof. The proof is easily obtained by chasing the following diagram and using the compatibility of consis- 
tency with composition. 



pi^ V yi V 

id K (2 id K 92 

Xi X a:2 — ^ Xi X Y2 — -^ Xi x Z2 

X2 ^ Y2 Z2 



□ 
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Lemma 11. In a Cartesian effect category, for all fi : Xi Yi, ki : Yi ^ Zi, f2 '■ X2 Y2 and 
92 ■ Y2 ^ Z2 with fci central: 

(fci K 32) o (/i x /2) = (fci o /i) x (.92 o /2) 
Proof. According to definition 13.21 

(fci K ga) o (/i X /2) = (idzi « 92) o (fci >^ idyj o (idyi x /a) o (/j xi idxj • 

Since fci is central, this is equal to (id^^ k (72) o (idzi x /2) o (fcj x: idxg) ° (/i >^ idxa)- The result now follows 
from lemma [TOl and definition 13.21 again. □ 

Theorem 12. In a Cartesian effect category C ^ K , the center Ck is a wide subcategory of K that 
contains C, and the restrictions of the sequential products are functors K : Ck x K ^ K and xi : if x Ck 
K. 

Proof. The central morphisms form a subcategory of K: this comes from remark [TU] for identities and from 
lemma [TT] and its symmetric version for composition. The center Ck is wide by definition, and it contains 
C because of theorem [HI The restrictions of the left sequential product is a functor: by proposition [S] for 
identities and lemma [TT] for composition. Symmetrically, the restrictions of the right sequential product is a 
functor. □ 



3.6 Naturality properties 



As reminded in section [Q] a Cartesian category C with x : ^ C and 1 forms a symmetric monoidal 
category, which means that the projections can be combined in order to get natural isomorphisms a,r,l,c 
with components: 

• ax = axi,X2.X3 ■ {Xi x X2) x X^ Xi x {X2 x X3), 

• rx : I X X ^ X, Ix : X X I ^ X, 

• cx = cx,,X2 : Xi X X2 ^ X2 X Xi, 



which satisfy the symmetric monoidal coherence conditions ()Mac Land . 119971 ). In this section we prove that 
in a Cartesian effect category C ^ K, the natural isomorphisms a, r, Z, c that are defined from C satisfy more 
general naturality conditions, involving the sequential products k , x . The verification of the next result is 
straightforward from the definitions. 

Lemma 13. In a Cartesian effect category, for all fi, /2, /a and pure vi, V2, v^: 

ay o ifi X (v2 X V3)) = ((/i X V2) X V3) o ax 

ay o {vi X (/2 X V3)) = ((wi K /2) X V3) o ax 
ay o {vi K {V2 X /s)) = {{vi K V2) X fs) o ax 

Theorem 14. In a Cartesian effect category, for all f : X ^ Y , fi : Xi Yi, f2 '■ X2 Y2 and 
fs ■ 



Y. 



ry o (idi X f) = f orx 

ly o{f X idi) = f olx 

cy o (/i X /2) = (/2 X /i) o Cx 

ay o (/i X (/2 X /g)) = ((/i K /2) X /a) o ax 

ay o (/i X (/2 X /g)) = ((/i X /2) X /a) o ax 



13 



Proof. Since rx and Ix are the projections, the first two hnes comes from the definition of semi-pure products. 
Since cx is the swap morphism from section [3. 1[ the third hne is proposition [T] As for the fourth hne, let 
us use the definition of sequential products: 

/i X (/2 X /s) = (id X (/2 IX fa)) ° ifi x id) and f2 <x fs ^ (id x /g) o (/s x id) 
hence by lemma [TOl 

id K (/2 K fs) = (id K (id k /a)) o (id k (/a XJ id)) 

and finally: 

fi <x (/2 X /s) = (id X (id k /a)) o (id k (/a x id)) o (/^ x id) . 

In a symmetric way: 

ifi X /2) X /s = (id X /s) o ((id X /2) X id) o ((/i x id) x id) . 

Hence the result follows from the three lines of lemma [131 together with proposition [6] for dealing with 
identities. □ 

3.7 The sequential product properties 

Sequential products also satisfy the left and right sequential product properties, as defined below, which 
generalize the binary product property. We use an extended consistency as defined in section [2.41 

Definition 3.5. Let (C ^ K, o) be an effect category with an extended consistency relation and with 
a pair of graph homomorphisms k', x' : K'^ K extending x. Then the left sequential product property 
states that for all fi : Xi Yi and /a : X2 Y2, the morphism /i x' /a : Xi x X2 — > Yi x 1^2 satisfies: 



qi ° (./i x' /a) < fiopi 
92 o (/i x' fi) = /2 o 7-2 o (/i xi' idxs) 



Xi 



Pl ( T ) 91 

f 1 X ' f 2 

X X2 ^ Yi X ¥2 



/i x'id 




Symmetrically, the ri(;/it sequential product property says that for all /i : Yi and /2 : X2 Y2, the 

morphism /i x' /2 : Xi x ^2 ^ Yi x ^2 satisfies: 



91 o (/i x' /2) = /i o si o {idx, x' /2) 

92 O (/l X' /2) /2 O P2 Xi X X 




Proposition 15. /n a Cartesian effect category, tfie sequential products K, x satisfy tfie sequential product 
properties. 
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Proof. The left sequential product is defined as /i x /2 = (idy^ x /2) ° (/i idxs)- Since A extends <1, the 
left semi-pure product property yields: 

qi o (idy^ X /a) ri and q2 o (idy^ k /z) = /a o r2 

so that by the substitution property of -4: 

qi o (/i X /2) -4 ri o (/i XI idxa) and q2 o (/i k /a) = /a o r2 o (/i x: id^a) • 

The right semi-pure product property implies that ri o (fi y\ idxg) = fi°Pi, hence: 

91 o (/i x /2) /i opi and g2 ° (/i x /2) = /2 o ^2 o (/i xi idxj 

which is the left sequential product property. □ 

Remark 12. The following condition is called the extended unicity condition: 

V/i, h' : X Yi X Y2 , {qioho- qio h') A {q2 o h = q2 o h') =^ h = h' 

Since is weaker than O, the extended unicity condition implies the unicity condition of remark [HI 
Whenever the extended unicity condition holds, the sequential product properties can be used as a definition 
of the sequential products, instead of definition 13. 21 In addition, although this looks like a mutually recursive 
definition of the left and right sequential products, this recursivity has only two steps. 

Indeed, let k , xi be the sequential products and let /i : Xi — > Yi and f2 ■ X2 ^ Y2. First let h — fiXi idxa ■ 
The right semi-pure product property states that gi o /i = /i o pi and q2 o h <i V2 o P2, thanks to the unicity 
condition this is a characterization of h. Now let k = fi k /a, from proposition [15] we get qi o k A fi o pi 
and q2 o k = f2 o r2 o h, and thanks to the extended unicity condition this is a characterization of k. 



3.8 Some examples of Cartesian effect categories 



In this section and in section [4~4l we check that the effect categories from section [2751 can be seen as Cartesian 
effect categories. In each example, for any pure morphism v and morphism / we build a morphism v x f, 
and it is left as an exercise to check that v x f actually is the left semi-pure product of v and /. In addition, 
it happens that the extended unicity condition is satisfied, so that the sequential products are characterized 
by the sequential product properties. 



Errors. According to (jCarboni et al. ,[1993), an extensive category with products is distributive. So, in the 



category Co, for all X, Y, Z the canonical map from X x Y + X x Z to X x (Y + Z) is an isomorphism. 
Let V — J{vo) : Xi Yi and / : X2 — > I2 in K, so that by distributivity Xi x X2 is isomorphic to 
(Xi X V[f]) + {Xi X Vy^). We define v x / : Xi x X2 ^ ^ x 1^ by V^^^f^ = Xi x Vy^, ^ Xi x Vy^, 

[v X /]y — vq X [/]y and [v X f]E = [f]E ° TT, where i: : Xi x Vy] Vy^ is the projection. 

V[f] s- Y2 Xi X V[f] ^ Yi X Y2 

^ If] ^ ^ [u^/] ^ 
X2 Y2 + E X1XX2 ■ Y1XY2+E 

^ rn t t ^ = t 
T^[f] E X, X Vy^ E 

On sets, as expected, this provides the left sequential product: Vxi G X\ , Vx2 G X2 , 

[ ([/iKa^i), \h\{x2)) if G ^ and [^(xa) G F2 

(/i K /2)(a:i,a;2) = < \h\{x2) if G ^ and [/2](a;2) G ^ 

\h\{xi) \i\h\{xx)^E 
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When E has one element all morphisms are central, but as soon as E has more than one element there are 
non-central morphisms. 



Partiality. Given a category of partial morphisms, if we impose the existence of sequential products and 
the fact that all morphisms are central, the n we get a notion that i s rathe r similar to the notion of partial 
Cartesian category of partial morphisms in ( Curien and Obtulowitz . 19891 ). 

On sets, up to adjunction, the left sequential product is the same as for the monad X + 1: 2'(/i></2) = 
Vf^ K Vf^ and 

Va:i G P/, , ^X2 e 2?/, , (/i K f2){xi,X2) = ([/i](a;i), [h]{x2)) ■ 



State. Let v = J{vo) : Xi ~-+ Yi and f : X2 ^ Y2 in K. Let us define v oc f : Xi x X2 
relevant commutations, by [w x /] = wo x [/] : S* x Xi x Yi ^ S" x Yi x F2- 



Yi X Y2, up to the 



t 

S X Xix X2 
I 

S XX2 — 



[■UK/] 



[/] 





t 

5* X Yi X Y2 
I 

-^SxY2 



On sets, as expected, this provides the left sequential product: 

Vxi e Xi ,\/x2 e X2 ,ys e S , [A k /2](s,xi,x2) = (s2,yi,2/2) 

where [fi]{s,xi) — (si,?/i) and [/2](si,a;2) = (52,2/2)- The left sequential product /i x /2 is usually distinct 
from the right sequential product /i x /2. 



4 Comparisons 



The use of strong monads for dealing with comput ational effects has been introduced by Moggi for reasoning 
about programs (Moggi, 19891 . 1991 : Wadlei . 1992). This has been generalized by Power and Robinson, who 
defined Freyd-cateqori e s and proved that a stro ng monad is equivalent to a Freyd-category with an adjunction 
(IPower and Robinsonl . Il9971 : IPower and Thiele ckc. 1 9991). Independently , Arro ws have been introduced by 



lepe 

Hughes for generalizing strong monads in Haskell |Hughesl . I2OOOI : IPatersonl [200l[ ) : it was believed that Arrows 
are "essentially" equiva lent to Frey d-categories, until Atkey proved that Arrows are in fact more general 
than Freyd categories : .\l kcv. 2008). In this section we directly compare each of these three frameworks 



to Cartesian effect categories: Freyd-categories in section 14.11 Arrows in section 14.21 and strong monads in 
section l473l Examples are considered in section |4^ 



4.1 Freyd-categories 



In this section, it is proved that Car t esian effect categories are Freyd-categories (jPower and Robinsonl . 11997 ; 
IPower and Thielecke . 1999t Selingei . 2001 ). Let \K\ denote the smallest wide subcategory of K, made of the 
objects and identities of K. 

Definition 4.1. A hinoidal category is a category K together with two functors ® : \K\ x K ^ K and 
: K X \K\ ^ K which coincide on j/Cp (so that the notation (g) is not ambiguous). The functors ® 
can be extended as two graph homomorphisms Xp,., Xpr : K, as follows. For all fi : Xi ^ Yi and 

/2 : X2 ^ Y2 in K, let: 

f /i XFr /2 = (idn ® /2) o (/l (g> idxj : Xi ® X2 ^ Yi ® Y2 
1 /i >^Fr /2 = (/i ® idyj o (idxi ® .f2) : Xi ® X2 ^ Yi ® Y2 
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A morphism ki : Xi Yi is central if for all /2 : X2 — > I2, ^Fi f2 = xiFr /2 and symmetrically 
/2 Kpr fci = /2 Xpr fci- Let t : $ =J> be a natural transformation between two fmictors ^ , : K' ^ K , then 
t is central if every component of t is central. 

In theorem [in] the graph homomorphisms Kpr, xipr will be related to the sequential products k, xi from 
section [3] In the next definition, "natural" means natural in each component separately. 

Definition 4.2. A symmetric premonoidal category is a binoidal category K together with an object I oi K 
and central natural isomorphisms with components ax,Y.z '■ {X (^Y) ® Z ^ X (S^ (Y ® Z), Ix : X I ^ X, 
rx '■ I^X — » X and cx_y ■ X (^Y X(^Y, subject to the usual coherence equations for symmetric monoidal 



categories (|Mac Lanel . ll997f ). Note that every symmetric monoidal category, hence every category with finite 
products, is symmetric premonoidal. A symmetric premonoidal functor between two symmetric premonoidal 
categories is a functor that preserves the partial functor ®, the object / and the natural isomorphisms a, Z, r, c. 
It is strict if in addition it maps central morphisms to central morphisms. A Freyd- category is an identity- 
on-objects functor J : C K where the category C has finite products, the category K is symmetric 
premonoidal and the functor J is strict symmetric premonoidal. 

The following result states that every Cartesian effect category is a Freyd-category. It is an easy conse- 
quence of the results in section [31 

Theorem 16. Let C Q K be a Cartesian effect category. Let a,l,r,c be the natural isomorphisms on C 
defined as in section [KR Let J : C K be the inclusion, let (g) : \K\ x K ~^ K and ® : K x \K\ K be 
the restrictions of K and x, respectively, and let 1=1. This forms a Freyd-category, where Xpr and Xpr 
coincide with x and x , respectively. 

Proof. The graph homomorphisms (g) : \K\ x K K and : K x \K\ K coincide on IK]"^, and they 
are functors by theorem [T^l hence K with ® is a binoidal category. Then, definitions 13.21 and 14.11 state that 
the graph homomorphisms Xpr, Xp,. are the sequential products x, x. It follows that both notions of central 
morphism (definitions 13.41 and 14. ip coincide. The fact that the transformations a, Z,r, c are natural, in the 
sense of symmetric premonoidal categories, is an immediate consequence of theorem [14| (in fact for a it is 
lemma [T3| . Since all the components of a,l,r,c are defined from the symmetric monoidal category C, we 
know that they are isomorphisms and that they satisfy the coherence equations. In addition, since all pure 
morphisms are central by theorem[51 it follows that a, I, r, c are central. Hence K with 0, / and a, I, r, c is a 
symmetric premonoidal category. Clearly the inclusion functor J : C ^ K is symmetric premonoidal, and 
it is strict because of theorem [9l □ 

4.2 Arrows 

In view of the similarities betwee n Freyd-categories and Arrows , it can be guessed that every Cartesian effect 
category gives rise to an Arrow ( Hughed . 120001 : Paterson . 2001); this is stated in this section. 



Definition 4.3. An Arrow type is a binary type constructor A of the form: 
class Arrow A where 

arr:: {X ^ Y) ^ k X Y 

(»>) :: kXY ^ kY Z ^ kX Z 

first ■.■.kXY^k{X,Z) (r, Z) 
satisfying the following equations: 

(1) arr id »> / = / 

(2) /»>arrid = f 

(3) (/ »> g) »>h = f »> {g »> h) 

(4) arr (w.v) = arr v arr w 

(5) first (arr v) = arr (v x id) 

(6) f irst (/ »> .g) = f irst /»> first .g 

(7) first / »> arr (id x v) = arr (id x v) »> first / 

(8) first / »> arr f st = arr f st »> / 

(9) first (first /) >^ arr assoc = arr assoc >^ first / 
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where the functions (x), fst and assoc are defined as: 
{x) {X ^ X') ^ {Y ^Y') ^ {X,Y) ^ {X' ,Y') such that {f x g){x,y) 
fst :: (X, Y) ^ X such that f st(a;, y) ^ x 

assoc :: ((X, Y), Z) (X, (Y, Z)) such that assoc((a;, y), z) = {x, (y, z)) 



i.fx,gy) 



Let Ch denote the category of Haskell types and ordinary functions, so that the Haskell notation (X Y) 
represents Ch{X,Y), made of the Haskell ordinary functions from X to Y. An arrow A constructs a type 
A X F for all types X and Y. We slightly modify the definition of Arrows by allowing (X Y) to represent 
C{X, Y) for any Cartesia n category C and by requiring that k X Y is a set rather than a type: more on 
this issue can be found in (" Atkevl - lioOSh . In addition, we use categorical notations instead of Haskell syntax. 
For this reason, from now on, for any Cartesian category C, an Arrow A on C associates to each objects 
a:, y of C a set A{X,Y), together with three operations: arr : C{X,Y) ^ A{X,Y), »>: A{X,Y) ^ 
A{Y, Z) A{X, Z) , first : A{X, Y) A{X x Z,Y x Z) , that satisfy the equations (l)-(9). Basically, the 
correspondence between a Cartesian effect category C Q K and an Arrow A on C identifies K{X,Y) with 
A{X,Y) for all types X and Y. This is stated more precisely in proposition [TTl 



Proposition 17. 

following table: 



Every Cartesian effect category C Q K gives rise to an Arrow A on C , according to the 



Cartesian effect categories 


Arrows 


K{X,Y) 

C(X,Y) C K{X,Y) 

f ^ {9^ 9° /) 
/ / X id 


A{X,Y) 

arr : C(A, Y) A{X, Y) 

»>: A{X, Y) A{Y, Z) A{X, Z) 

first : A{X, Y) A{X x Z,Y x Z) 



Proof. The first and second line in the table say that A{X, Y) is made of the morphisms from X to y in 
K and that arr is the conversion from pure morphisms to arbitrary morphisms. The third and fourth lines 
say that ;x%> is the (reverse) composition of morphisms and that first is the right semi-pure product with 
the identity. Now we prove that A is an Arrow by translating each property (l)-(9) in terms of Cartesian 
effect categories and giving the argument for its proof. Note that fst is the common name for projections 
like pi, gi, . . . (in section [3]) and that assoc is the natural isomorphism a as in section [3.61 



(1) 


/oid 


/ 


identity in K 


(2) 


ido/ = 


/ 


identity in K 


(3) 


ho{go f) = 


{h og)o f 


associativity in K 


(4) 


w V 'm C — 


w V in K 


C C K is a. functor 


(5) 


u X id in C = 


u X id in iiT 


X in X extends x in C 


(6) 


(.9 /) X id = 


{9 X id) (/ X id) 


lemma 1101 


(7) 


(id X v) [f X id) = 


(/ X id) (id X v) 


theorem [9] 


(8) 


gi (/ X id) = 


f °Pi 


definition 13.11 


(9) 


a ((/ X id) X id) = 


(/ X id) a 


lemma [131 



□ 

The Arrow combinators se cond, (***) and (^Mi) can be derived from arr, (^5%>) and first, see e.g 
()Hughed . [2000t IPatersonl [200I . The correspondence in proposition [17] is easily extended to these functions. 
The left pairing (/i,/2); and the natural isomorphism c (corresponding to swap) are defined in section [3.31 
and l3.6[ respectively. 



Cartesian effect categories 


Arrows 


(id X f) = CO (/ X id) c 
fi X ./2 = (id X /a) (/i X id) 

(/l,/2)i = (/lX/2)o(id,id) 


second / = arr swap first / arr swap 
fi /2 — first /i »>> second /2 
fimcf2 = arr(Ax ^ {x,xj) »> (/i *** /a) 
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For instance in (iHughed . [2000[ §4 .1) it is stated that SMz is not a categorical product since in general 



/i is different from [fi^Mzf2) y>i> arr fst: ^Hhere is no reason to expect Haskell's pair type, &Mz, to be 
a categorical product in the category of arrows, or indeed to expect any categorical product to exist" . We 
can state this more precisely in a Cartesian effect category, where {fiSMzf2) >^ arr fst corresponds to 
qi o (/i,/2)z- Indeed, both morphisms are consistent: it follows from proposition 1151 and pure substitution 
that qi o (/i,/2)z fi. 

4.3 Strong monads 

Stron g monads correspond to Freyd-categories J : C K with a right adjoint for J ( Power and Robinsonl . 



19971 ). while Cartesian effect categories correspond to Freyd-categories with a sequential product (theo- 
rem [T5| . In this section, we give a condition which characterizes the strong monads such that the corre- 
sponding Freyd-category is a weak Cartesian effect category, which means that there are two graph homo- 
morphisms K : C x K K and x : K x C ^ K which satisfy the left and right semi-pure product property 
respectively, but which may not be unique. 

We use the same notations as in remark [T] It has been seen in remark [2] that the effect of a morphism 
f -.X oiK stands for [( )y o /] = M{ )y o [f] : X ^ Ml in Co, so that in Co: 

yifi-.X^ MY ,\fip' -.X ^ MY' , tp^of' M{ )y o = M( )y' o ^' . 

Let < be a consistency relation on C ^ K, then the relation <lo in Co is defined by [/] <]q [v] / < f , 

or equivalently: 

Vi^, ip' : X MY in Co , </? <lo 3va : X Y in Cq , {(p' = rjy o vq) A {]ip[<lJ{vo)) ■ 

The pure substitution property of <] (proposition [3]) corresponds to the following substitution property of <iq: 
Vvq : X ^Y , \fwo :Y^Z, y-ijj : Y MZ , %jj <\q r\z ° wq =^ ip ° <ia Vz ° wq o vq . 



Now in addition let us assume that Co, hence C, is Cartesian. In ( Moggi . 1989f) . it is explained why 



the monad (M,/i, 77) and the product x are not sufficient for dealing with several variables: there is a 
type mismatch from Yi x MY2 to M{Yi x Y'l). This issue is solved by adding a stre ngth, i.e., a n atural 
transformation t with components ty^y.^ : Y1XMY2 M{YixY2) satisfying four axioms (Moggi, 1989| ). One 



of these axioms is that for all X, rMX = Mrx o : 1 x MX — > AIX, where the natural isomorphism r 
is made of the projections rx ■ 1 x X ^ X as in section 13.61 Let us assume that we are given a strength 
t for our monad. In K, let v : Xi Yi and / : X2 — > ^2; in order to form a kind of product of v and /, 
the usual method consists in composing in Cq the product Vq x [f] : X1XX2 ^ li x MY2 with the strength 
tYi,Y2 ■ ^1 XMY2 M{Yi xy2); we call this construction the left Kleisli product. The right Kleisli product 
is defined symmetrically. 

Definition 4.4. For all v = J{vq) : Xi Yi and / : X2 Y2 in K, the left Kleisli product of v and / in 
K is defined by: 

[v Xki /] = tY,,Y, o (vo X [/]) ■.X,xX2^ M{Y, X Y2) in Co . 
Lemma 18. The strength can be expressed as a left Kleisli product: 

¥yi,Y2 [= idyi Xki lidMYa [ in K . 
For all Yi,l2; with projections q2 : Yi x Y2 Y2 and q'2 : Yi x MY2 MY2: 

q2o]tYuY2[= q'2 in K . 

Proof. In K, let v ~ idy^ : Yi ^ Yi and / =]idMy2[: MY2 Y2, so that vq — idy^ and [/] — idMya ^o- 
Then vq x [f] = idy^xMy^ so that [v Kki /] = ^yi.vb; this is the first property. Now, for readability, we omit 
the subscript for naming the projections in Co. The result is equivalent to Mq2 o ty^ y^ = i'^ ^o- The 
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projection q2 can be decomposed as q2 — r2 o {{)yi x Y2), where r2 = ry^ : 1 x I2 ^ ^2 is the projection. 
Hence on the one hand Mq2 = Mr2 o M{{)yi x 1^2), and on the other hand ^2 = ''^'2 ° {{)yi x MY2) where 
^2 = tmy^ '■ 1 X MY2 MY2 is the projection. 



Yi X MY2 M(Yi X Y2) 




In the previous diagram, the square on the top is commutative since t is natural, and the square on the 
bottom is commutative thanks to the property of the strength with respect to r. Hence the large square is 
commutative, and the result follows. □ 

Theorem 19. Let Cq be a Cartesian category with a strong monad {M, ii,r],t) and with a consistency 
relation <\ on C ^ K . Then Cq with the left and right Kleisli products is a weak Cartesian effect category if 
and only if for all Yi, Y2 (with the projections qi : Yi x ^2 — > Yi and q[ : Yi x MY2 Yi)- 

Qi°]tYi,Y2 [O^'i in K , or equivalently Mqi o tY^,Y2 Oo VYi ° Qi in Cq . 
If in addition ip' : X ^ M{Yi x Y2) in Cq , 

{Mqi o ip <i |>oMgi o ip') A {Mq2 o ip = Mq2 o ip') =^ V = 'P' in Cq , 
then Cq with the left and right Kleisli products is a Cartesian effect category. 

Roughly speaking (i.e., forgetting the projections), this means that Cq with the Kleisli products is a weak 
Cartesian effect category if and only if: the strength of the monad is consistent with the identity. 

Proof. Let us consider the morphism ]iyi,Y2[- -By the first part of lemma fTSl ]tv-^ [~ idyi Xki ]idMy2 [■ 
Therefore, if the left Kleisli product does satisfy the left semi-pure product property, then gioj^y^ y-^ [<l9i- 
Now, let us assume that qiojty-^ ["f^'ii this is illustrated below, together with q2°]tYi,Y2[— Q'2 (second part 
of lemma [T8|) , first in K then in Cq : 

-^MYi 

M{Yi x Y2) 

Mq2 

-^MY2 

For any v : Xi Yi and / : X2 Y2, the morphism w Kki / in if is defined by [v Kki /] = tYi,Y2 ° {''^0 x [/]) 
in Co- In the diagram below, in Co, the left-hand side illustrates the binary product property of vq x [/] and 



Yi X Mr2 

MY2 — 



id 

V 

]t[ 



lid[ 



Y^ 

J,. 

Y1XY2 

-^Y2 



Yi 

I'l 

Yi X Af Y2 

92, 

MY2 



id 
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the right-hand side is as above. 



pi 

Xi X X2 

P2 



X If] 



If] 



Qi 

Yi X MY2 

f 

-^MY2 



Vo 
i 



MYi 

Mqi 

■M{Yi X Y2) 

Mq-2 

MYo 



[f] 

It follows immediately from the bottom part of this diagram that Mq2 o [u x ki /] — [/] o P2 , which means 
that q2 ° {v <><Ki f) = f ° P2 in K. Moreover, it follows from the top part, using the substitution property of 
Oqi that Mqi o [v Xki /] <lo [v] °Pi, which means that qi o (t; x^i f) <v opi in K. The left semi-pure product 
property is hence satisfied by Kki- 

Then the last part of the theorem follows immediately from remark [Sj □ 



4.4 More examples of Cartesian effect categories 

In this section we consider the effect categories in section [2751 which are defined from a strong monad. In each 
example the strength is described, then it is easy to check that the conditions of theorem [19] are satisfied, 
so that the Kleisli category gives rise to a cartesian effect category with the Kleisli products as semi-pure 
products. However, for the monads of lists and of finite (multi)sets, the extended consistency relation is so 
weak that the sequential product properties (definition [33]) are not sufficient for characterizing the sequential 
products. 

Errors. The strength tx^ ,X2 is obtained by composing the isomorphism Xi x {X2 + E) = {Xi x X2) + {Xi x E) 
with idxixXs + (^Xi ■ {Xi x X2) + {Xi x E) ^ (Xi x X2) + E, where axi is the projection. The Kleish 
products are semi-pure products from section 13.81 

Lists. The strength is such that for all xi G Xi and X2 = {x2,i, ■ ■ ■ ,X2.k) S C{X2), txi,^2(^i;2i2) = 
((cci, a;2,i), . . . , {xi,X2^k))- It follows that Mpi otxi,X2(2;i,ai2) = (^i)'' while rjxi ° p'i{xi,X2) = {xi). So, the 
left sequential product is: 

Vxi e Xi , \JX2 e X2 , (/l X f2){xi,X2) = ((2/1, Zl), . . . , {yi,Zp), (2/„,Zl), . . . , {yn,Zp)) , 

where fi{xi) — (j/i, . . . , y„) and f2{x2) = {zi, . . . , Zp), so that there are non-central morphisms. 

Finite (multi)sets. Finite multisets and finite sets have similar properties. For sets, the strength is such that 
for all xi G Xi and G 'Pfin(^2), tx-i,X2{xi, X2) — {{xi,x') \ x' € X2}, and both the left and the right 
sequential product are: 

Va;i e Xi,Vx2 e X2,{fit<f2)(xi,X2) = {fi>if2)(xi,X2)^{{y,z) I y e Az G /2(a;2)}. 



5 Conclusion 

This paper deals with the major issue of formalizing computational effects, especially while using multivariate 
functions. For this purpose, we have introduced several new features: first a consistency relation and the 
associated notion of effect category, then the semi-pure and sequential products for getting a Cartesian 
effect category. Thanks to the universal property of the semi-pure products, each Cartesian effect category is 
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endowed with a powerful tool for definitions and proofs. This has been used for proving that every Cartesian 
effect category is a Freyd-category and for giving conditions which ensure that a strong monad gives rise 
to a Cartesian effect category. We have studied several examples of effects, in each case we get a Cartesian 
effect category. 

Since the notions of effect category and Cartesian effect category are new, there is still a large amount 
of work to do in order to study their applications and their li mitations. For instance , in order to define 



some kind of closure, one could try to generalize the results of (jCurien and Obtulowita. f 989) on partiality 
to other effects. Further investigations include: enhancing the comparison with ([Moggil . 11995) in order to 
clarify the relations between Cartesian effect categories and evaluation logic; fi tting more example s in our 
framework (e.g. continuations). In addition, the issue of combining effects, as in (jHvland et al. might 
be revisited from the point of view of effect categories. 
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